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Abstract 

Given a connected irregular graph G of order n, write /x for the largest eigenvalue 
of its adjacency matrix, A for its maximum degree, and D for its diameter. We prove 
that 

and this bound is tight up to a constant factor. 

This improves previous results of Stevanovic and Zhang, and extends a result of 
Alon and Sudakov. 



1 Introduction 

Our notation is standard (e.g., see 0, jlj, and [7j); in particular, all graphs are defined on 
the vertex set {1, 2, n} = [n] , and G (n) stands for a graph of order n. Given a graph 
G = G (n) , we write A (C7) for the maximum degree of G and order the eigenvalues of 
the adjacency matrix A (G) as ji {G) = Hi {G) > ... > \i n [G). 

Let G = G (n) be an irregular connected graph. It is easy to see that A (G)—fi (G) > 0; 
moreover, as Stevanovic [H] proved, in fact 

A (G) - n (G) > ' 



2n (nA - 1) A 2 

Zhang [TO] improved this, showing that, if A = A (C7) and D is the diameter of G, then 

A (G) ^ " (G) " 7^ n 1 A 2 ^ 4D^ " 4n(n-l)A 2 ' 

(y/A + v/(A- 1)J DnA ^ UnlX 4n [n iJZA 

Neither Zhang nor Stevanovic give a hint what are the best bounds one can hope for. 
In this note we considerably strengthen these results. 
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Theorem 1 For every connected irregular graph G of order n and diameter D, 

1 



A (GO - (i (G) > 



(D + 2)n v ' 

and this bound is tight up to a constant factor. 

In the same vein, Alon and Sudakov [I] proved that, if G is a nonbipartite graph with 
diameter D, then 

and this bound is tight up to a constant factor. We extend their result as follows. 

Corollary 2 For every connected irregular or nonbipartite graph G of order n and diam- 
eter D, 

and this bound is tight up to a constant factor. 

The rest of the note is organized as follows. In Sectional we present some preliminary 
results, including an extension of a theorem of Wei. In Section El we give the proof of ((TJ, 
and in Section 0] we describe a family of graphs showing the tightness of (0) and (J2J). 



2 Preliminary results 

Given two vectors x = (xi, x n ) , y = (yi, y n ) , we write x < y to indicate that 
Xi < yi for all i G [n] . 

Given a graph G, a k-walk is a sequence of vertices Vi,...,Vk of G such that Vi is 
adjacent to Vi + % for alii = 1, k — 1; we write w k (G) for the number of A;- walks in G 
and Wk (u) for the number of /c-walks starting with u. 

Let G be a graph of order n with eigenvalues /ii > ... > fi n and xi,...,x n be unit 
orthogonal eigenvectors to yUi,..,/i n . For every i G [n] , let = (xn, X{ n ) and set 

En 
j=l "^ij ' 

The number of A;- walks in G (see, e.g., [1, p. 44, Theorem 1.10) is given as 

w k (G) = a 2 l v k 1 - 1 + - + a 2 y n - 1 (3) 
We shall prove the following bound on fi (G) given in jSj. 

Theorem 3 For every integer k > 1, r > 1 and any graph G = G (n) , 

fi (G) < max — - . 

uev(G) Wk [u) 
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Proof Set bu = Wk (i) for each % e [n] and let B be the diagonal matrix with main diagonal 
(&n, b nn ) . Since B~ l A r {G) B has the same spectrum as A r (G) , the maximum row sum 
of B~ 1 A r (G) B - say the sum of the kth row - is an upper bound on /i r (G); hence, 

„' (G) < £ u V (*, v) = < m% ^M, 

completing the proof. □ 

Berge j2] attributes the following theorem to Wei jTT]. 

Theorem 4 If G is a nonbipartite connected graph and x = (xi, x n ) is the positive 
unit eigenvector to /x (G) , then 

1 1 

lim — (w k (1) , w k (n)) 



fc^oo w k (G) ' ' Xi + ...+£„ 

□ 

Note that Wei's theorem fails for bipartite connected graphs in general - a fact over- 
looked in [2], [I], and [Sj. Only in [Hj, p. 26, the theorem appears correctly, together with 
a proof. 

Below we extend Wei's theorem for bipartite graphs. 

Theorem 5 Let G = G (n) be a connected bipartite graph and x = (x\, x n ) , y = 
(yi, ...,y n ) be unit eigenvectors to /xi (G) and /x n (G) . Then 

,. 1 / m / u ^ \xi + - +x n \ ~ \yi + - +Vn\ 

, hm 77n ( w 2fc+i (1) , w 2k +i in)) > ^ ■ 

k-+cow 2 k+i{G) \ Xl + ... + x n \ + \yi + ... + y n \ 



and 

1 1 

, lim 77^ ( W2k W ' -•' W2k (")) - i — T T m 1 7 — i x 

fc^oo w 2k [G) \xx + ... + x n \ + \y x + ... + y n \ 

To prove the theorem we need the following proposition whose proof we omit. 

Proposition 6 If G is a bipartite connected graph with parts A and B , anc?x = (x\,...,x n ) 
is the positive unit eigenvector to \i\ (G) , then \i n (G) has only two unit eigenvectors y 
and — y given by 



y = (eixi, ...,e n x n ) , where 



1 if i 6 A 
-1 if ieB 



□ 
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Proof of Theorem [5] Let G be a connected bipartite graph of order n with eigenvalues 
\i\ > ... > // n . It is known that 

/ii = — // n , < Hi for 1 < i < n. (4) 

We may and shall assume that x is a positive vector. Select orthogonal unit eigenvectors 
xi = x, x 2 , x„ = y to /it, fi n . 

Letting i = (n -1 / 2 , n -1 / 2 ) G M n and writing on for the sum of the entries of Xj, we 
see that i = J^ILi a i x i- From Q we see that 

1 (G) i ai/x^X! + ... + a n n k - l Xn 

r w k {!),.. .,w k {n)) 



w k (G) alrf- l + - + al» k n - 1 alrf-' + .-. + cxlpt 1 

From Q and Proposition El we obtain 

ai/xfxi + ... + o ra /i 2fc x n _ o?iXi + a n x n > ai - |o; w | 
fc-oo af/if + ... + a 2 // 2fc ai + a 2 n ~ a\ + a 2 n 

and 

oji/if^xi + ... + a n ii 2k ~ l ^ n _ aixi - a n x ra ^_ ai - |a n | _ 1 
fc-oo a^fc-i + _ + Qj2^2fc-i a 2 -a 2 ~ a 2 - a 2 a x + |a n | 

completing the proof. □ 



3 Proof of inequality (Dp) 



Let G be a graph of order n, maximum degree A, largest eigenvalue /ii, and diameter 
D < oo. Let x = (xi, , i„) be a positive unit eigenvector to fix. Without loss of 
generality we shall assume that x\ > ... > x n , implying, in particular, that x\ > l/y/n. 
Set ai = xi + ... + x n and recall that 



at = X\ + ... + x n < \/n(xj + ... + x 2 ) = y/n. 
Our first goal is to prove that 



Hi < A - — x n . (5) 



Case 1. G is nonbipartite 

Since Hi > for all 1 < i < n, Q implies that 

(G) 

^ = J 1111 77^ 

k^oo Wk [G) 
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Select j to be a vertex with degree d (j) < A — 1. Clearly, for every k > 1, 
Wfc+i (G) = w fc (i) d (i) = w k (j) d (j) + 22 Wk (*) rf (*) - (•?') + A Wk 
= Auife (G) - Wfe (j) . 
Thus, taking the limits, Theorem 0] implies that 



w fe+ i(G) / ^OO^/a 1 1 
hm — — < hm A — - < A x s < A : 

fc^oo Wk (G) k^oo \ Wk (G) / «1 «l 



completing the proof of (0) for nonbipartite G. 
Case 2. G is bipartite 

Select orthogonal unit eigenvectors x x > 0,x 2 , ...,x n to /jli, ...,/i n and write ctj for the 
sum of the entries of Xj. Since \i\ = — /i n and /ii > |/ij| for all 1 < i < n, (jSJ) implies that 



r w 2fc+i (G) _ of + q% 
fc-^oo w 2 k (G) a? - a£ 



Select j to be a vertex with degree d (j) < A — 1. Clearly, for every > 1, 
W2k+i (G) = 2^ ^2fc (*) d (i) < -w 2k (j) + A U7 2 fe (i) = Au> 2fc (G) - w 2fc (j) • 

is[n] i6[n] 

Thus, taking the limits, Theorem |3] implies that 

^1 + i = lim^i G) <lim (A W2kU) 



and so 



Note that 



implies 



a\ — a 2 fc-oo w 2 k(G) k^oo\ w 2k (G) 
< A j — -Xj < A j — -x n , 



a? - a 2 T ax - \a n \ ^ . 2a 2 n a t - \a n \ 

Ml < -T~. o A 2~ T X n < A 2— tA — -X n . 

A > 1 > - > — 

n ai 

2ai ( la 2 \ 1 oi\— \a n \ 



A > IZ" T = _ r _ LZii T 



completing the proof of (J5J). 

Having (|SJ) in hand, the rest of the proof is the same for bipartite and nonbipartite 
graphs. 
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If x n > OL\j {D + 2) n, the proof is completed, so we shall assume that 

, ai 1 

< tt; — < 



(D + 2)n ~ (D + 2)y/n' 

Since the diameter of G is D, there exists a path 1 = v\, ...,vi + i = n of length Z < D 
joining 1 to n. Then, 

l 

A - mi > Yl d (*) ^ 2 ~ ^ = ~ x j) 2 - Yl ( x * ~ x ^+i) 2 

ie[n] ie[n]ij£E(G) ijeE(G),i<j i=l 

i/< _ A 2 i/' \ J i. _ , 2 

— ^ I / j \ x Vj x Vi+i\ J — I 1 / j Xv i x Vi+i J — jj \ x l x n) 

l_ M 1 \ \ J_ / _ 2 \ = 1 

> L> Vv 7 ™ (D + 2)^J > Dn\ (D + 2)J (D + 2)n 

completing the proof. □ 



4 A family of bipartite graphs 

In this section, for all A > 2 and k > 1, we shall contsruct an irregular bipartite graph 
GrA,fc of order n = 2kA, maximum degree A ((ja,*:) = A, and diameter D = 4k — 1 such 
that 

7T 2 47T 2 

A(G A , i )-M 1 (G A ,>)< 2A(A + 1)2 <^. 

Therefore, the graphs G^,k show that inequalities (JTJ) and (j2J) are tight up to constant 
factor. 

Select k disjoint copies of the complete bipartite graph -Ka,a> say G 1; ...,Gp.- Remove 
an edge, say i^i-i^i, from each Gj. Join u 2 j to t>2i+i for each i = 1, k — 1 and write 
Ga,r for the resulting graph. Clearly, the order of Ga^ is 2kA, A (G^) = A, and its 
diameter is Ak — 1. 



Proposition 7 



^ 2 



PU ,; 2A(fc+l) 2 



Proof We shall use the Rayleigh principle. Assuming V (G^t) = [2Afc] , for all j = 1, k 

and i EV (Gj) , set 

1 jn 



X; = — = sin 



y/(k + l)A k + l 

Recall that the largest eigenvalue [i\ (Pj.) of the path P fc of order k is /ii (P^) = 2 cos ^j-j- 



and the unit vector 



7T 27T kir 

sin , sin 



fc + 1 fc+ 1 fc+ 1 



is an eigenvector to /ii (Pj.) (see, e.g., 0, p. 27.) Hence, 

Mi (G A ,fc) > J] = S + 2 S x ^ 

ijGE(G) 1=1 ij£E{Gi) i=l 

A 2 -lA 2 2/7T 1 7T 



fc+T sin fcTT + a 



cos • 



A ^ jfe + 1 jfe+1 A n + 1 
z=i 

A 2 - 1 1 7T .11 7T 

cos > A — - + — cos 



A A n+1 AA 
A- * 2 



2A(A;+ l) 2 ' 



completing the proof. □ 
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